Laplace has shown, in bis Mec. Celeste, that the function F has the property of satisfying the equation \ o -\ dx*\ and äs this equation will be incessantly recurring in what follows, we shall write it in the abridged form 0 = SV; the symbol S being used in no other sense throughout the whole of this Essay.
In order to prove that 0 = JF, we have only to remark, that by differentiation we immediately obtain Q = d-, and consequently each element of' F substituted for F in the above equation satisfies it ; hence the whole integral (being considered äs the sum of all these elements) will also satisfy it. This reasoning ceases to hold good when the point p is within the body, for then, the co-efficients of some of the elements which enter into F becorfiing infinite, it does not therefore necessarily follow that F satisfies the equation although each of its elements, considered separately, may do so.
In order to determine what JF becomes for any point within the body, conceive an exceedingly small sphere whose radius is a inclosing the point p at the distance b from its centre, a and b being exceedingly small quantities. Tben, the value of F may be considered äs composed of two parts, one due to the sphere itself, the other due to the whole mass exterior to it: but the last part evidently becomes equal to %ero when substituted for F in dV, we have therefore only to determine the value of dV for the small sphere itself, which value is known to be p being equal to the density within the sphere and consequently to the value of ' at p. If now x t , y^ ss f9 be the co-ordinates of the centre of the sphere, we have of which, the equation 0 = SV for any point exterior to the body is a particular case, seeing that, here p = 0.
Let now q be any Jine terminating in the point p, supposed without the body, then -[-) -^e f°r ce tending to impel a particle of positive electricity in the direction of q, and tending to increase it. This is evident, because each of the elements of F substituted for F in -' w^ §* ve the force arising from this element in the direction tending to increase q, and consequently, -r-(-r-J will give the sum of all the forces due to every element of F, or the total force acting on p in the same direction. In order to show that this will still hold good, although the point p be within the body; conceive the value of F to be divided into two parts s before, and moreover let p be at the surface of the small sphere or b = a, then the force exerted by this small sphere will be expressed by da being the increment of the radius a, corresponding to the increment dq of q, which force evidently vanishes when a = 0: we need therefore have regard only to the part due to the mass exterior to the sphere, and this is evidently equal to ν-$π<?ρ.
But s the first differentials of this quantity are the same s those of F when a is made to vanish, it is clear, that whether the point p be within or without the mass, the force acting upon it in the direction of q inereasing, is always k f dv \ glven by -^> Although in what precedes we have spoken of one body only, the reasoning there employed is general, and will apply qually to a System of any number of bodies whatever, in those cases even, where there is a finite quantity of electricity spread over their surfaces, and it is evident that we shall have -for a point p in the interior of any one of these bodies (1.) 0 = (5Τ+4πρ.
Moreover, the force tending to increase a line q ending in any point p within or without the bodies, will be likewise given by -(~r~y; the function F representing the sum of all the electric particles in the system divided by their respective distances from p. As this function, w r hich gives in so simple a form the values of the forces by which a particle p of electricity, any how situated, is impelled, will recur very frequently in what follows, we have ventured to call it the potential function belonging to the system, and it will evidently be a function of the co-ordinates of the particle /; under consideration.
2. It has been long known from experienee, that whenever the electric fluid is in a state of equilibrium in any system whatever of perfectly conducting bodies, the whole of the electric fluid will be carried to the surface of those bodies, without the smallest portion of electricity remaining in their interior: but I do not know that this has ever been shown to be a necessary consequence of the law of electric repulsion, w r hich is found to take place in nature. This however may be shown to be the case for every imaginable system οΐ conducting bodies, and is an immediate consequence of what has preceded. For let χ, γ, z, be the rectangular co-ordinates of any particle p in the interior of one of the bodies; then will -(-T-\ be the force with \ djc ' which p is impelled in the direction of the co-ordinate x, and tending to increase it. In the same wav -y-and -r-will be the forces in y and This value of V being ^substituted in the equation (1) of the preceding number gives ρ = 0, and consequently shows, that the density of the electricity at any point in the interior of any body in the System is equal to zero.
The same equation (1) will give the value of ρ the density of the electricity in the interior of any qf the bodies, when there are not perfect conductors, provided we can ascertain the value of the potential function V in their interior. 46* 22· G. Green, on t he theories of Electricity and Magnetism.
3.
Before proceeding to make known some relations which exist between the density of the electric fluid at the surfaces of bodies, and the eorresponding values of the potential functions within and without those surfaces, the electric fluid being confined to them alone, we shall in the first place, lay down a general theorem which will afterwards be very useful to us. This theorem may be thus enunciated:
Let U and F be two continuous functions of the rectangular co-ordinates x, y, %, whose diiferential co-efficients do not become infinite at any point within a solid body of any form whatever; then will the triple integrals extending over the whole interior of the body, and those relative to da, over its surface, of which da represents an element: dw being an infinitely small line perpendicular to the surface, and measured from this surface towards the interior of the body. * To prove this let us consider the triple integral
The method of Integration by parts, reduces this to the accents over the quantities indicating, s usual, the values of those quantities at the limits of the integral, which in the present case are on the surface of the body, over whose interior the triple integrals are supposed to extend. where the integral relative to da is suppfcsed to extend over the whole surface, and dx to be the increraent of χ corresponding to the increment dw.
In precisely the same way we have , and
therefore, the sum of all the double integrals.in the expression before given will be obtained by adding together the three parts just found; we shall thus have
-rwhere F and -r-represent the values at the surface of the body. Hence, the integral
by using the characteristic (i in order to abridge the expression, becomes
Since the value of the integral just given remains unchanged when we substitute F in the place of U and reciprocally, it is clear, that it will also be expressed by
Hence, if we equate these two expressions of the same quantity, after having chpnged their signs, we shall have
Thus the theorem appears to be eompletely established, whatever may be the form of the functions U and F.
In our enunciation of the theorem, we have supposed the diiferentials of V and V to be finite wilhin the body under consideration, a condition, the necessity of which does not appear explicitly in the demonstation, but, vvhich is understood in the method of Integration by parts there employed.
In order to show more clearly the necessity of this condition, we will now determine the modification which the formula must undergo, when one of the functions, U for example, becomes infinite within the body; and let us suppose it to do so in one point // only: moreover, infinitely near this point let V be sensibly equal to -; r being the distance between the point p' and the element dxdydz. Then if we suppose an infinitely small sphere whose radius is a to be described round p', it is clear that our theorem is applicable to the whole of the body exterior to this sphere, and since, SU=d -= 0 within the sphere, it is evident, the triple integrals may still be supposed to extend over the whole body, äs the greatest error that this supposition can where, äs in the former equation, the triple integrals extend over the whole volume of the body, and those relative to da, over its exterior surface: V being the value of V at the point //.
In like manner, if the function F be such, that it becomes infinite for any point p" within the body, and is moreover, sensibly equal to -7-, infinitely near this point v s is infinitely near to the point p', it is evident from what has preceded that we shall have (3'.) fdx dy dz U dV -\-fdv V^-4n U" the integrals being taken s before, and U" representing the value of U , at the point p" where F becomes infinite. The same pro£ess will evidently apply, however great may be the number of similar points belonging to the functions U and F.
For abridgment, we shall in w^ihat follows, call those Singular values of a given function, where its differential co-efficients become infinite, and the condition originally imposed upon U and V will be expressed by saying, that neither of them has any Singular values withm the solid body under consideration.
4.
We will now proceed to determine some relations existing between the density of the electric fluid at the surface of a body, and the potential functions thence arising, within and without this surface. For this, let ράσ be the quantity of electricity on an element da of the surface, and F, the value of the potential function for any point p within U, of which the co-ordinates are x, y, s. Then, if V be the value pf this function for any other point p' exterior to this surface, we shall have -/L-, ""^/(δ-being the co-ordinates of da, and
the integrals relative to da extending over the whole surface of the body.
It might appear at first view, that to obtain the value of V from that of F, we should merely have to change x 9 y, z, into x', y',·«': but*, this is by no means the case; for, the form of the potential function changes suddenly, in passing from the space within to that without the surface. Of this, we may give a very simple example, by supposing the surface to be a sphere whose radius is a and centre a't the origin of the co-ordinates ; then, if the density ρ be constant, we shall have na F = 4πρ« and V = which are essentially distinct functions.
With respect to the functions F and F' in the general case, it is clear that each of them will satisfy Laplace's equation, and consequently 0 = 9V and 0 = W: moreover, neither* of them will have Singular values; for any point of the spaces to which they respectively belong, and at the surface itself, we shall have _ _ V = V the horizontal lines over the quantities indicating that they belong to the surface. At an infinite 'distance from this surface, we shall likewise have F' = 0. We w r ill ITQW show, that if any two functions whatever are taken, satisfying these condilions, it will alw r ays be in our power to assign one, and only one value of p, which will produce them for corresponding potential functions. For this we may remark, that the equation (3) art. 3 being applied l to the space within the body, becomes, by making U^= -, since U = -, has but one Singular point, viz. p; and, we have also dV-Q an( j (J-= 0: r being the distance between the point/? to which F belongs, and the element da.
If now, we conceive a surface inclosing the body at an infinite distance from it, we shall have, by applying the formula (2) of the same article to the space between the surface of the body and this imaginary exterior surface (seeing that here -=17 has no Singular value) since the pari due to the infinite surface may be neglected, because V is there equal to zero. In this last equation, it is evident that dw' is measured from the surface, into the exterior space, and hence ---= Again, -\-j -J= force with which a particle of positive electricily p, placed within the surface and infinitely near it, is impelled in the direction dw / dV*\ perpendicular to this surface, and directed inwards; and -( -j-γ j expresses the force with which a similar particle p 1 placed without this surface, on the same normal with p, and also infimtely near it, is impelled outwards in the direction of this normal: but the sum of these two forces is equal to double the force that an infinite plane would exert upon /λ, supposing it uniformly covered with electricity of the same density s at the foot of the normal on which p is; and this last force is easily shown to be expressed by 2πρ, hence by equating the only difference would be, that the integrations must now extend over the surface of all the bodies, and, that the number of functions represented by F, would be equal to the number of the bodies, one for each. In this case, if there were given a value of V for each body, together with V belonging to the exterior space; and moreover, if these functions satisfied to the above mentioned conditions, it would always be possible to determine the density on the surface of each body, so s to produce these values as.potential functions, and therfe would be but one density, viz. that given by
which could do so: ρ, -r-and -τ-y belonging to a point on the surface of any of these bodies. 
In this equation, 17 is supposed to have only one Singular value within the surface, viz. at the point //, and, infinitely near toMhis point, ίο be sensibly equal to -; r being the distance from p'. If now we had a value of U, which, besides satisfying the abqve written conditions, was equal to zefo at the surface itself, we should have 17 = 0, and this equation would become (5.) 0 = which shows, that F' the value of F at the point p 9 is given, when F its value at the surface is known. To convince ourselvea that there does exist such a function s we have supposed 17 to be; conceive the surface to be a perf0ct conductor put in comtnunication with the earth, and a unit of positive electricity to ^e concentrated in the point f> f ; the n the total potential function arising from // and frorn the electricity it will induce upon the surface, will be the required value of U. For, in consequence of the communication established between the eonducting surface, and the earth, the total potential function at this surface must be constant, and equal to lhat of the earth itslef, i. e. to zero (seeing that in this state they form but one conducting body). Taking, therefore, this total potential function for U, we have evidently 0=Ϊ7, 0 = $Ϊ7, and U= -for those parts infinitely near to //. As moreover, this function has no other Singular points within the surface, it evidently possesses all the properties assigned to £7 in the preceding pro f. Again, since we have evidently 17' = 0, for all the space exterior to the surface, the equation (4) This equation is remarkable on account of its simplicity and singularily, seeing that it gives the value of the potential for any point p', within the surface, when V, its value at the surface itself is known, together with (ρ), the density that a unit of electricity concentradet in p 1 would induce on this surface, if it conducted electricity perfeclly, and were put in communication with the earth. Having thus proved, that V 9 the value of the potential function F, at any point p' within the surface is given, provided its value V is known at this surface, we will now show, that whatever the value of V may be, the general value of V deduced from it by the formula just given shall satisfy the equation 0 = dV.
For, the value of V at any point p whose co-ordinates are x> γ, %, deduced from the assumed value of V, by the above written formula, is CT being the total potential function within the surface, arising from a unit of electricity concentrated in the point p, and the electricily induced on the surface 47*
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itself by its action. Then, since F is evidenlly independent of x, y, %, we immediately deduce
Now the general value of U will depend upon the position of the point p producing it, and upon that of any other point p 1 whose co-ordinates are χ', γ', %\ to which it is referred, and will consequently be a function of the six quantities χ, γ, z, x', y f , &'. But^ we may conceive U to be divided into two parts, one = -(r being the distance pp'} arising from the electricity in p y the other, due to the electricity induced on the surface by the action of p, and which we shall call U r Then since U f has no Singular values within the surface, we may deduce its general value from that at the surface, by a formula similar to the one just given. Thus where U' is the total potential function, which would be produced by a unit of electricity in p 9 , and therefore, (-j-) is independent of the co-ordinates ®9 y> *> of p , to which 8 refers. Hence
We have before supposed ΙΤ = ~+ί7 ( , and s δ -= 0, we immediately obtain
Again , since we have at the surface itself 0 == U = --f U 4 ; r being the distance between p and the element da , we iience deduce 0 = dV t ; this substituted in the general value of dV t before given, there arises (ϊί//= Ο, and consequently Q=^dU. The result just obtained being general, and applicable to any point p" within the surface , gives immediately and we have by substituting in the equation determining 0 = dV.
In a preceding pari of this article, we have obtained the equation which combined with Q = d(-j -\ gives 0 = <?(?), and therefore the density (p) induced on any element da, which is evidently a function of the eo-ordinates χ, γ, z, of μ > is also such a function s will satisfy the equation 0 = $((>): it is moreover evident, that (ρ) can never become infinite when p is within the surface.
It now remains to prove, that the formula shall always give F = F, for any point within the surface and infinitely near it, whatever may be the assumed value of F. For this, suppose the point p to approach infinitely near the surface; then it is clear that the value of (p), the density of the electricity induced by p, 'will be insensible, except for those parts infinitely near tp p, and in these parts it is easy to see, that the value of (ρ) will be independent of the form of the surface, and depend only on the distance p, da. But, we shall afterwards show (art.10), that when this surface is a sphere pf any radius whatever, the value of (p) is
"' α being the shoriest distance between p and the surface, and /' representing the distance p, da. This expression will give an idea of the rapidity with which (p) decreases, in passing frora the infinitely small porlion of the surface in the immediate vicinity of p, to any other part situate at a finite distance from it, and when substituted in the above written value of F, gives, by supposing a to vanish, * F = F.
It is also evfdent, that the function V, determined by the above wrilten formula, will have no Singular values within the surface under consideration. What was before proved> for the space within any closed * surface, may likewise be shown to hold good, for that exterior to a number of closed swfaces, of any forms whatever, provided we introduce the condition, that V
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shall be equal to %ero at an infinite distance from these surfaces. For, conceive a surface at an infinite distance from those under consideration; then, what we have before said, may be applied to the whole space within the infinite surface and exterior to the others; consequently (5'.) vvhere the sign of Integration must extend over all the surfaces, (seeing that the part due to the infinite surface is destroyed by the condition, that V is there equal to %ero) and dw must evidently be measured from the surfaces, intb the exterior space to which V now belongs.
The form of the equätion (6) remains also unaltered, and
the sign of Integration extending over all the surfaces, and (p) being the density of the electricity which w ? ould be induced on each of the bodies, in presence of each other, supposing they all communicated with the earth by means of infinitely thin conducting wires.
6. Let now A be any closed surface, conducling electricity perfectly, and p a point within H, in which a given quantity of electricily Q is concentrated, and suppose this to induc$ an electrical state in A; then will V, the value of the potential function arising from the surface only, at any other ppint p', also within it, be such a function of the co-ordinates // and p', that we may change the co-ordinates of p, into those of p', and reciprocally, without altering its value. Or, in olher words, the value of the potential function at //, due to the surface alone, when the inducing electricity Q is concentrated in p, is equal to that which would have place at p, if the same electricity Q were concentrated in p'.
For, in consequence of the equilibrium at the surface, we have evidently, in the first case, when the inducing electricity is concentrated in p, r being the distance betvveen p and do f an element of the surface A, and a constant quantity dependant upon the quantity of electricity originally placed on A. Now the value of V at // is by what has been shown (art. 5); (ρ') being, s in that article, the density of the electricily which would be induced on the element da' by a unit of electricity in p ', if the surface A were put in communicalion with the earth. where we must be caulious, not to confound the .present value of V, with that employed at the beginning of this arlicle in proving the equation 0 = 8V, which last, having performed its office, will be no longer employed. The equation 0 = S f V r gives in the same way It is evident from art. , that our preceding arguments will be equally applicable to the space exterior to the surfaces of any number of conducting bodies, provided we introduce the condition, that Ihe potential function F, belonging to this space, shall be equal to zero, when either p or // shall remove to an infinite dislance from these bodies, which condition will evidently b~e sätisfied, provided all the bodies are originally in a natural state. Supposing this therefore to be the case, we see that the potential function belonging to any point // of the exterior space, arising from the electricity induced on the surfaces of any number of conducting bodies, by an eleclrified point in p, is equal to that which would have place at p, if the electrified point wer'e removed to p'.
What has been just advanced, being perfectly independent of the number and magnitude of the conducling bodies, may be applied to the case of an infinite number of particles, in each of w ? hich the fluid may move freely, but w r hich are so constituted that it cannot pass from one to another. This is w r hat is always supposed to take place in the theory of magnetism, and the present article will be found of great use to us when in the sequel we come to treat of lhat theory, 7.
These things being established with respect to eleclrified surfaces; the general theory of the relations between the density of the electric fluid and ίί· G. Green, on the theories of ElectricHy and Magnetism.
belongs, s dw is, into the interior spaee. Consequently dw~ -dw f , and therefore r Hence the equation determining ρ becomes, by substituting for J its value just given, /V* _ zl Γ*«. \( J r ~ 4nJ r K rfw an equalion which could not snbsist generally, unless Thus the whole difficulty is reduced to finding the value V t of the potential function exterior to the body.
Although we have considered only one body, it is clear that the same theory is applicable to any number of bodies, and that the values of p and ρ' will be given by precisely the same formulae, however great that number may be: V t being the exterior potential function common to all the bodies.
In case the bodies under consideration are all perfect conductors, we have seen (art. 1), that the whole of the electricity will be carried to their surfaces, and therefore there is here no place for the application of the theory contained in this article; but s there are probably no perfectly conducting bodies in nature, this theory becomes indispensably necessary, if we would investigate the electrical phenomena in all their generality.
Having in this, and the preceding articles, laid down the most general principles of the electrical theory, we shall in what follows apply these principles to more special cases; and the necessity of confining this Essay within a moderate extent, will compel us to limit ourselves to a brief examinatipn of the more interesting phenomena.
